On compact balanced Hermitian manifolds we obtain obstructions to the existence of har- 
Introduction
The well-known vanishing theorem of Bochner says that if the Ricci tensor of a compact Riemannian manifold is nonnegative, then every harmonic 1-form is parallel; moreover, if the Ricci tensor is nonnegative and positive at least at one point, then there are no nonzero harmonic 1-forms and the first Betti number b1 = 0.
It is also well known that on a compact Kahler manifold the (1,0)-part of a harmonic 1-form is holomorphic, i.e. it is 9-closed; conversely, every holomorphic (1,0)-form is 9-closed or equivalently, the corresponding real 1-form is harmonic [?] . Certainly, the Bochner theorem is true for compact Kahler manifolds and could be expressed also in terms of holomorphic forms. In the present paper we consider questions of existence of harmonic 1-forms, holomorphic
(1,0)-forms and find relations between them on compact balanced Hermitian manifolds.
Balanced Hermitian manifolds are Hermitian manifolds with a co-closed fundamental form or equivalently with a zero Lee form. 
(X, Y, Z, V) = g(R(X, Y)Z, V), X, Y,Z,V e XM.
Further ρ and p* will stand for the Ricci tensor and *-Ricci tensor, respectively. We have
Henceforth {e1, ...,e2 n } will denote an orthonormal frame.
We denote by D, T and K the canonical Chern (Hermitian) connection of the Hermitian structure, its torsion tensor and its curvature tensor (Hermitian curvature tensor), respectively.
We recall that the Chern connection D is the unique linear connection preserving the metric g and the complex structure J, so that the
torsion tensor T of D has the property T(JX, Y) = T(X, JY), X, Y G XM. This implies (e.g. [?]): (2.1) T(JX, Y) = JT(X, Y), X, Y e XM.
The corresponding torsion tensor of type (0,3) is defined by the equality
T(X,Y,Z)=g(T(X,Y),Z), X,Y,ZeXM.
The curvature tensor K of D has the following properties:
The Ricci identity for the Chern connection is expressed in the following form:
The two connections V and D are related by the following identity
This equality implies that
There are three Ricci-type tensors k, k* and s associated with the curvature tensor K defined
= 1
The corresponding scalar curvatures are defined by τ = trp,r* = trp*,u = trk = trk*, v = trs.
The ( By the condition 5Q = 0 from (??) it follows that [?]
It is immediate from (??) that on a balanced Hermitian manifold we have:
Now let a be a tensor of type (0,2) and denote by at the tensor of type (0,2) defined by
The symmetric part and the skew-symmetric part of the tensor a are given by
respectively. The induced by the metric g scalar product in the vector space of (0,2)-tensors will be denoted by the same letter. For two tensors a, b of type (0,2) we have 2ra 2ra
For a fixed vector field X we obtain the following (0,2)-tensors iXT and jX T from the torsion tensor T:
The equalities (??) and (??) imply that the tensor iXT is J-invariant while the tensor jXT is J-antiinvariant, i.e.
(iXT) (JX, JY) = (i X T) (Y, Z), (j X T) (JY, JZ) = -(j X T) (Y,Z).
The next statement, proved in [?], gives relations between the tensors ρ and p*. 
where X, Y e XM, and \\.\\ 2 is the usual tensor norm.
We have The next integral formulas are essential for the proof of our main results.
Proposition 3.3 Let (M,g, J) be a compact balanced Hermitian manifold. Then for any vector
field X G XM we have and compute its co-differential. Integrating over M the obtained equality we find that
On the other hand
By virtue of the last equality and (??) we obtain (??).
To prove (??) we consider the real 1-form Using this equality and (??) we find
\\Skew(D"io x )\\ 2 = \\\jxT\\ 2 = k(X,X) -p*(X,X).
The last equality, (??) and (??) imply
Since the tensor jXT is skew-symmetric, then (??) leads to
We obtain from (??) that
X) +p*(X,X).
Integrating the last equality and taking into account (??), we obtain (??) which proves b). 
g(i x T,D"io x ) = -\\ixTf = 2p*{X,X) -2k{X,X).
Combining this equality with (??) we get
On the other hand we have
Integrating the last equality and taking into account (??), (??) and (??) we find 
Proof of Theorem 1.2
We define the tensor H of type (0,2) by the equality
H(X, Y) = 2p*(X, Y) -k(X, Y) -k*(X, Y); X, Y e XM.
Let ωX = ω α dz α + uOadz a be a harmonic 1-form. By virtue of (??) we have To prove the equivalence ii) 4^ iii) let u x be a holomorphic (1,0)-form. Since d"ux
Taking into account (??) and (??) we find + H(X,X)} dv = 0.
M 2
The last equality implies the equivalence ii) <^ iii) which completes the proof of Theorem 1.2.
QED
In the next theorem we find obstructions to the existence of holomorphic (1,0)-forms in terms of the Ricci tensors of Chern connection. We have 
Sym(D'iOx) = Sym(i X T).
Let uo x be a holomorphic ( 
The formula (??) shows that the tensor p* is non-negative on Z. An application of Theorem ??
leads to 
